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INTRODUCTION
Vibrating components are highly susceptible to fatigue failure. Fatigue occurs through long
term exposure to time varying loads which although modest in amplitude give rise to
microscopic cracks that steadily propagate to failure. Most components must fulfil some form
of durability certification test prior to production. Tests are conducted on real prototype
components or use a CAE based simulation of the component. It is seldom possible to use real
service loads so engineers require a reduced specification that is still representative of the
operational environment. For many years this was addressed through experience; however, it
has often led to unnecessary over-design or operational failures. In this paper we pursue a
more scientific route and review the topic of Mission Profiling and Test Synthesis. A ‘route
map’ is presented to guide the reader towards the optimal test solution.
Before continuing we should state the requirements for a successful durability test:
1. The test must be suitable for the item in question, be that a single component, subassembly or the complete product.
2. The test must replicate the same failure mechanisms observed in the real loading
environment.
3. The test should be representative of the real loading environment within known
statistical margins.
4. The test should be accelerated where possible to improve development schedules
and reduce cost; however, it should not incur unrealistically high loads that might
alter the failure mechanism.
5. The test specification should be suitable for rig based testing and Finite Element
(FE) based analysis.
MISSION PROFILING AND TEST SYNTHESIS
An accelerated test is required that yields at least the same fatigue damage content as that seen
by a component over its whole life. This objective is best achieved using a process called
‘Mission Profiling and Test Synthesis’. A Mission Profile comprises several measured load

events that are assumed typical of various real-life situations. A ground vehicle, for example,
might include events for; highway use, town use, light off-road use, cross-country, fully and
part loaded vehicle weight, severe pothole and kerb strikes, as well as the initial damage
associated with component packaging and transportation. Representative PSDs or time signals
are measured for each event along with an estimate of how long the vehicle might be expected
to see this event in-service.
A rig or CAE drive signal is created during the Test Synthesis stage. The test signal must
contain at least the same fatigue damage content as the Mission Profile but over an
accelerated test period. There are two principal methods of test acceleration; compressed time
testing, and load amplification. Compressed time tests remove non-damaging cycles from the
Mission Profile leaving only the most severely damaging cycles; whereas, load amplification
methods exploit the exponential relationship between stress amplitude and fatigue damage to
exaggerate the damaging effect of the load. A combination of both methods is often used to
optimise the test.
Physical tests are performed using a variety of test rigs. The most common test rig is the
electrodynamic or hydraulic shaker. These are driven using a specified input of acceleration
and vibrate the component against its own inertia. The fatigue stresses incurred are attributed
to the product of component mass and the applied acceleration. Another popular type of rig is
the ‘closed load path’ rig. These are usually driven by a specified input of displacement. The
component is fixed to a stiff external support structure that provides a reaction to the applied
force. The fatigue stresses incurred are attributed to the product of component stiffness and
displacement, or occasionally the product of damping and velocity. This type of rig is better
suited to large amplitude loads or where inertial effects are less important. Where complex
input loading is observed, a simulation test might be specified. These are also called ‘Remote
Parameter’ tests and are typical of many automotive structural tests. Measurements of
acceleration and strain are recorded on the vehicle and these are given as input to the rig
controller. This applies a series of controlled accelerations to the vehicle to determine the
dynamic transfer function between input and response. An optimisation algorithm is
employed to determine an appropriate input signal which would replicate the acceleration and
strain responses measured in the field. This test offers the most advanced means of testing;
however, it is losing favour with companies because of its high cost, its susceptibility to
inappropriate simulation states and its tendency to stall mid-test due to convergence drift.
CAE based testing is usually performed using a Finite Element (FE) simulation. The simplest
analyses use a quasi-static approach where the component is not sensitive to dynamic effects
such as resonance and transients. If dynamic effects are important we must progress towards
more intensive analyses such as random vibration, transient and modal transient analyses.
Random vibration analysis is performed in the frequency domain with loads being specified
in terms of a Power Spectral Density (PSD) function. This form of analysis is relatively quick.
Transient analysis is performed in the time domain and requires significant computation time.
This analysis is usually restricted to very short discrete events.
It is important to identify the most appropriate form of testing to avoid unnecessary time and
expense. The next section introduces the test ‘route map’ to help identify the most appropriate
and efficient test method for a variety of situations.

TEST SYNTHESIS ROUTE MAP
The Test Route Map is illustrated in Figure 1. Measured loading data in the form of
acceleration, load or strain is used from each event in the mission profile to create a
representative durability test. A raw time signal of data contains the following properties:
i.
ii.
iii.
iv.

Amplitude
Frequency
Phase
Sequence

In most cases it is unnecessary to maintain all these properties and the test can be simplified
significantly if we are prepared to neglect some of them.
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Figure 1 Test Synthesis Route Map

The Cycle Domain
The Cycle Domain neglects Frequency and is therefore unable to reproduce dynamic effects
like resonance and transient shocks. It is suitable for components that behave in a quasi-static
fashion. Frequency is also important for inertia resisted components, so these tests must be
closed load path driven by a force or displacement input. In many components we find that
one particular input dominates the stress state at the point of fatigue failure, in this case we
can provide a simple uniaxial test and can further neglect the multiaxial phase relationship
between the input channels.
The Frequency Domain
The Frequency Domain neglects Phase and Sequence. These are important in deterministic
load events but are irrelevant to stochastic events. Simply stated; an event can be said to be

Deterministic when one can determine the profile of the signal at any point in time. The
response to a transient kerb strike or pothole or an aircraft touchdown can be said to be
deterministic as their profiles are very specific. Deterministic loads should always be
represented in the Time domain or Cycle domain.
Stochastic events are steady-state and random in nature and can be expressed in terms their
time history or Power Spectral Density (PSD) function. PSDs are used when the loading is
known to be from an ‘ergodic stationary Gaussian random’ process. This ensures that the
phase is purely random from a constant distribution ranging between ±π. PSDs are typically
very short yet contain statistical evidence for any extreme amplitude events over a long
period; whereas time histories are usually very large yet only contain the events witnessed
over the measurement period. For this reason it is usually preferable to use PSDs wherever
possible to improve statistical confidence and significantly reduce computation time and data
storage. Examples of stochastic loads include regular road surfaces, wind turbulence, wave
loading and general vibrations. Engine vibrations, while not strictly random, are sufficiently
Gaussian to permit a PSD representation. For more details on this please refer to Halfpenny
[1] or Newland [2].
Most components will see a mixture of stochastic and deterministic events throughout their
operation. In many cases we usually observe a dominance of one or the other. For example;
the loads on an aircraft undercarriage are dominated by deterministic events such as
touchdown, rapid deceleration, high-speed turns, etc; whereas a piece of avionics equipment
is typically stochastic. In these cases we usually select a test appropriate to the dominant form
of loading. An undercarriage test would therefore be based in the time domain and consists of
a series of accelerated events being run sequentially one after another. The avionics test could
be carried out on a shaker table driven by a PSD of random acceleration for a specified
period. Occasionally we find a component that has both forms of input; for example a laptop
computer. This must be designed for long periods of vibration as well as the occasional
impact load. In this case we might choose to use a random PSD test for vibration and augment
it with a sequence of time domain drop tests. The Test Synthesis approach is able to show the
most appropriate mix of testing for any component.
DETERMINISTIC EVENTS
Deterministic events must be tested in the time domain or cycle domain. Time signals contain
information on Amplitude, Frequency, Phase and Sequence. All these factors can influence
the fatigue life of a component to some extent. Test Synthesis of these events is based on
fatigue theory and a description of this is given by Halfpenny [3] and Yung-Li [4]. The test
route map introduces a number of popular methods and these are all discussed in the
following sections.
Load Amplification Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

The load amplification method simply scales the input time signal by an appropriate amount
in order to reduce the test duration. Scaling the load will reduce the test duration
exponentially. The scale factor is found by Eqn. 1.
1

 Real Duration  b

Scale = 
(1)
 Test Duration 
Where C = N ⋅ S b describes the Wöhler line and N is the number of cycles to failure of
stress amplitude S. C and b are the intercept and slope of the Wöhler line respectively.
Considerable care is required when using this method to ensure that loads are not scaled
excessively thereby inducing local yield and altering the load path. A number of studies have
actually reported longer component lives after scaling. This occurs when a plastic hinge is
formed in the component which alters the load path away from the observed failure point. The
engineer must always ensure a sufficient margin in the scale factor to avoid local yielding.
The method is ideal for components that are designed to resist a high load event like a
collision for example but require fatigue testing for many repeats of a lower amplitude load.
In this case the lower amplitude loads can be scaled quite significantly without exceeding the
design envelope.
The material parameter ‘b’ is often affected by local stress concentration in the vicinity of the
fatigue failure. Studies have shown that irrespective of the material used, values of b near the
failure site tend to fall in the range 3≤b≤5; where b5 in the presence of a notch and b3
adjacent to a weld. The method is very sensitive to the choice of parameter b and so the
method is usually only used in conjunction with a statistically derived guarantee factor. As the
method maintains frequency, phase and sequence, it is suitable for dynamic and quasi-static
components with multiaxial or uniaxial loading. It is often used in conjunction with one of the
compressed time method discussed next.
Peak-Valley Extraction Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

If the component response is quasi-static then frequency is no longer important and can be
removed from the time signal. This is accomplished by removing any point that does not
constitute a turning point (local maxima or minima) as illustrated in Figure 2. Measured data
should be digitised at 10 times the maximum frequency content to ensure an adequate
amplitude resolution. A lower sample rate will tend to clip the peaks and valleys yielding
smaller cycles. As frequency information is not required we are now able to remove these
intermediate values and consequentially compress the load data by at least a factor of 10
without reducing any of the damaging effect. This technique is known as ‘Peak-Valley’
extraction as it extracts only the peaks and valleys that constitute a fatigue cycle. A further
reduction can be accomplished by gating the smaller cycles which are below the endurance
limit of the material. A common practice is to remove any cycle with a range of less than 10%
of the maximum range.
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Figure 2 Peak-Valley (or Turning Point) Extraction

The Peak-Valley load sequence contains Amplitude and Sequence information but takes no
account of Frequency or the Phase between multiple channels. It is therefore only
recommended for Steady-state, uniaxial loading on Quasi-static components and is only
applicable to displacement controlled tests on closed load path rigs. It is not suitable for
inertia resisted component testing. It is ideal for input into FE analysis using the static
solution method and can be used as a drive signal to a test rig. In the latter case, the user must
take care to ensure that the acceleration and slew rates incurred are not excessive. An
automated routine can be provided to interpolate between points that would otherwise exceed
the test rig capacity or induce a transient response in the component. This method can also be
further accelerated using the Load Amplification technique; however, the engineer must be
aware of the special precautions needed when using this approach to avoid over amplification.
Block Load Sequence Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

Sequence effects are usually of secondary concern in Fatigue and the test can be simplified
considerably if we extract only the fatigue cycles. The Rainflow Cycle Counting algorithm
introduced by Matsuishi and Endo [5] is used to return a list of cycles suitable for block
loading. Extracted cycles are usually ‘binned’ to create a short sequence of blocks that are
expressed in one of the following tabular formats:i.
ii.
iii.
iv.

Cycle Maximum, Cycle Minimum, Number of cycles
Cycle Range, Cycle Mean, Number of cycles
Cycle Range, R ratio, Number of cycles (R ratio = cycle min / cycle max)
Cycle Amplitude, Number of cycles

In many cases the mean stress effects are also ignored and a simple table of cycle amplitude
V’s number of cycles is used to construct a block load test as illustrated in Figure 3. The

simple block load profile will have the same damage content as the full time signal but is
considerably shorter and easier to apply to a test rig or FE based static analysis. Further
reduction can again be achieved by gating the smaller cycles with amplitude below the
endurance limit. As the method ignores frequency, it is only suitable for displacement
controlled tests on closed load path rigs. It is not suitable for inertia resisted component
testing.

Figure 3 Block Load Sequence

A frequently asked question arises whether the cycles should be arranged in ascending,
descending or random order. As the original cycle sequence is no longer maintained we have
to assign an arbitrary order. There are two conflicting aspects to this. The Palmgren-Miner
damage accumulation law assumes that damage is accumulated linearly with no account of
sequence. However, this is not really true and we usually find that cycles occurring in the later
stages of life are more damaging than those occurring earlier. If we were to use a descending
cycle order, i.e. starting from the maximum amplitude, then this would tend to cause the
smaller cycles to be more damaging than they otherwise would be if they were to start at the
beginning. By the same reasoning though, the larger cycles would be less damaging if
introduced at the start of the test. An additional complication arises with Stage II fatigue
cracks. These are susceptible to a phenomenon called ‘Crack retardation’. This occurs after a
large amplitude overload cycle and results in the crack growing at a slower rate immediately
following the overload. These effects are usually ignored in this analysis and the preferred
choice of loading sequence varies between companies.
Statistical Exceedence Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

Statistical Exceedence is similar to the Block Load Sequence approach. Rather than using the
Rainflow Counting algorithm, it is usually based on the ‘Level Crossing’ algorithm described
by Rice [6]. The Exceedence is a plot of load range V’s number of cycles as illustrated in
Figure 4. In this example, we observe that less than 100 cycles have a range exceeding +3.5G
to -0.4G. This type of representation is used extensively in the aerospace industry where the

range is usually expressed in terms of acceleration in G. The Exceedence plot is transformed
into units of load or displacement using a transfer function and is then reconstructed into a
block load sequence and used for testing in a closed load path test as described previously.

Figure 4 Statistical G-Exceedence Plot

Constant Amplitude Loading Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

This is the simplest form of durability test where a sinusoidal input load is applied to the
component over a specified period of time. The original mission profile is Rainflow Cycle
counted and the total damage over the life of the mission evaluated using the Palmgren-Miner
accumulated damage law given in Eqn. 2. An equivalent constant amplitude sinusoidal load,
Stest can be synthesised using Eqn. 3.
1
(2)
Accumulated Damage = ∑
i N (S i )
Where, N(Si) is the number of cycles to failure for a particular stress amplitude Si given
by the expression N (S ) = C ⋅ S b . C and b are the intercept and slope of the Wöhler line
respectively.
1


Real Duration  b

S test =  C ⋅ Accumulated Damage ⋅
(3)
Test Duration 

This approach relies extensively on the fatigue life model and therefore the user must be
careful to ensure an adequate statistical guarantee factor in the test. This type of test is usually
confined to simple components due to its high reliance on analytical modelling.
Checking for non-Proportional Multiaxial Loading
Many components receive input from several simultaneous axes. These might take the form
of acceleration loading at a single point in three orthogonal axes (x, y, z), or loads at multiple
input points like the vertical input load from four wheels on a car. Ordinarily this leads to a
complicated test requiring an expensive multi-channel test rig. In many cases, however; we
observe a proportional loading effect from the channels that gives rise to a dominant load
plane. Consider the 3 orthogonal acceleration input channels shown in Figure 5.
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Z

Figure 5 Critical Plane Damage Analysis

The critical fatigue load at some arbitrary location on the component is proportional to the
three input acceleration loads. The equation governing this is given in Eqn. 4.

σ i = κ 1 ⋅ X i + κ 2 ⋅ Yi + κ 3 ⋅ Z i
(4)
Where σι is the i resultant stress along the unit vector described by the direction
cosines κ1, κ2 and κ3.
th

Time signals of resultant stress are derived for a range of vectors. Each time signal is then
Rainflow Cycle counted and the damage determined. In the case of a 3 axis system, the
damage can be plotted in the spherical coordinate system as shown in Figure 5. This plot
clearly shows a critical plane that would give rise to the worst combination of loading. If this
data represented 3 orthogonal loading axes at a single load point, we could orientate the
component to the angle described by the critical plane and then test using a simple uniaxial
rig. Alternatively, if the three loads were applied at three different load points, we could
effectively drive the rig using a single input signal with each actuator only seeing a proportion
of the load defined by the direction cosines. This leads to a much simpler test specification
and the approach can be expanded to cover any number of axes. The resultant uniaxial load
signal can then be reduced using any of the methods discussed previously.
Multiaxial Peak-Valley Extraction Method
Amplitude *

Frequency 

Phase 

Cycle Sequence 

Multiaxial Peak-Valley extraction is similar to the previous peak-valley extraction method but
considers all channels simultaneously. Therefore if a peak or valley were found in any
channel, the corresponding data points would be retained in all the other channels thereby
maintaining phase. This is illustrated in the simple case of two sinusoidal waves shown in
Figure 6.

Input Channel 1
Peaks & valleys
Input Channel 2

Reduced Channel 1
Reduced data points
Reduced Channel 2

Figure 6 Multiaxial Peak-Valley Extraction

* Note: the amplitude content is maintained for most practical cases; however, for purely
sinusoidal loading such as that illustrated in Figure 6, the actual peaks and valleys in the
resultant time signal will not coincide with the peaks and valleys in the individual input
channels. The amplitude of the test signal is therefore less than the theoretical response. It is
always important to verify the damage content of the reduced signal to ensure it retains at
least the same damage content as the original. Although this can cause problems in some
signals it is usually insignificant for most measured signals obtained from real loading events.
Increasing Load Frequency Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

1/
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Figure 7 Increasing the Load Frequency

Increasing the load frequency of a test will reduce the test duration provided the component
response is quasi-static and care is taken to ensure that the frequency increase does not cause
dynamic amplification. Therefore, it is usual to only accelerate the test so that the maximum
frequency does not exceed 1/3 the lowest natural frequency of the component. It is therefore

necessary that a natural mode analysis is conducted on the component before attempting this
type of acceleration. This method is only applicable to physical testing on a test rig and
doesn’t apply to FE based testing. An illustration of the method is given in Figure 7.
Time Correlated Fatigue Analysis with Damage Editing Method
Amplitude 

Frequency 

Phase 

Cycle Sequence 

This method is able to maintain all the properties of the time signal therefore offering the
most sophisticated approach to test acceleration. It is applicable to multiple input channels
and resonating structures and is suitable for inertia resisted components as well as closed load
path. The method differentiates between the input loads (drive signal) and the response loads
measured adjacent to the critical fatigue points. The input loads can be expressed as
displacement, load or acceleration; whereas the response is usually expressed in terms of
strain. The critical fatigue loads are analysed using a time correlated Rainflow Cycle counting
algorithm that records the start and end times of the cycle. Damage is calculated for each
cycle and half the damage is applied to the start point and half to the end point. The signal is
then divided into a number of buffers in time. Any buffer containing negligible damage is
then omitted from the reduced test drive signal. This process is illustrated in Figure 8.

1. Take a time signal at the critical location(s)
2. Rainflow cycle count and calculate fatigue
damage for each cycle proportioning damage
to the start and end times of the cycle
3. Divide the time signal into buffers and Remove
non or low damaging buffers of the original
drive signals and splice remaining data
together using a windowing envelope to
maintain frequency content and prevent high
slew rates and impact ringing

Figure 8 Time Correlated Fatigue Analysis

Care must be taken when splicing the retained buffers to avoid the possibility of transient
shocks and high slew rates. In this case the software applies a linearly decaying window
function over the start and end of the extracted section providing continuity of frequency,
phase and amplitude between regions. The engineer will usually select a buffer length for
analysis. Selecting a short buffer will result in a highly accelerated signal but this could
compromise the joining function hence raising the risk of transients between the spliced
sections. Alternatively, a larger buffer length will result in a longer test signal but offers a

smoother splice. It is usually an iterative process to arrive at an optimal state. Typical
acceleration values are 50-80% depending on the number of response channels considered.
Simulation Test – Remote Parameter Control
The simulation test also differentiates between the input drive signal and the response at the
critical fatigue points. This method is performed by the test rig itself. Time signals of load are
input for the critical fatigue points. These are usually expressed as measured acceleration and
strain. The rig controller then applies a series of controlled accelerations to the component
through each input actuator and computes the dynamic transfer function between each input
and output. An optimisation algorithm is employed to determine an appropriate input drive
signal which would replicate the response at the critical locations.
This type of test has no implicit acceleration capability; however, the critical fatigue loads can
be reduced using the Time Correlated Fatigue Analysis Method described previously to
provide a more optimal and accelerated test. Additional load amplification could also be
applied if further test reduction was necessary.
FREQUENCY DOMAIN TESTS – STOCHASTIC EVENTS
In this section we are interested in vibration testing employing electrodynamic shaker or
hydraulic shaker rigs, or in FE based analysis using the random vibration solution. The
method derives a test signal in the form of acceleration PSD or swept sine that can be used as
input to the test rig or FE analysis. To understand the approach we must first review the
Shock Response Spectrum (SRS), Extreme Response Spectrum (ERS), and Fatigue Damage
Spectrum (FDS). These are discussed in the following sections. We can then see how each
representation is used to describe the lifetime fatigue damage and shock response during the
Mission Profiling stage and how a synthesized test PSD can be derived. The method
discussed here is based on the French Military standard, GAM-EG 13 [7] and the NATO
Draft Standard AECTP 200 [8].
The Shock Response Spectrum (SRS)
Consider a typical automotive component; for example, the front lamp on a car. How would
we develop a vibration test to assess the suitability of the lamp? The measured acceleration on
the lamp itself is generally not available because the unit is one of many minor components
and it’s not possible to measure each of them. In addition, many test schedules are also fixed
before a prototype vehicle is available so we must rely on more generic data. The most likely
source of data comes from the acceleration measurements taken on the chassis of a similar
vehicle, perhaps its predecessor. We must therefore find a way of using this data as a means to
establish the test specification.
Using measured chassis acceleration it is possible to determine the acceleration levels seen by
the lamp unit. For this calculation we need to know the frequency response of the lamp and
various bracket components: then we can filter the input acceleration by the frequency
transfer function and, provided the system responds linearly, establish the acceleration levels
witnessed by the lamp unit.
In reality the frequency response is usually quite complicated and without a prototype or CAE
model is quite impossible to determine. We must therefore make a working assumption. In

1932, the American engineer Biot [9] was researching the effect of earthquakes and made the
assumption of a simple Single Degree of Freedom (SDOF) response. This response function
is illustrated in Figure 9. The response is dominated by a single spike located at the natural
frequency. At frequencies below the natural frequency the component behaves quasi-statically
while at frequencies exceeding the natural frequency the response is significantly attenuated.
Around the natural frequency the component will respond dynamically and will become
greatly amplified with its maximum response being limited only by the damping in the
system. The ratio of the maximum dynamic response to the static response is known as the
‘Dynamic Amplification (Q)’ factor. For typical 5% structural damping, this has the value of
Q = 10. Biot reasoned that as he didn’t know the actual natural frequency of his component
beforehand, he could create a Spectrum of response by sweeping the natural frequency and
plotting maximum response over a range of natural frequencies.
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Figure 9: Single Degree of Freedom (SDOF) System

To compute Biot’s Shock Spectrum the input signal is filtered by a SDOF transfer function as
illustrated in Figure 10 and the maximum of the response is calculated. The calculation is
repeated a number of times over a range of natural frequencies and a plot made of the
maximum response V’s the natural frequency. In 1934, Biot [10] published a paper on
Earthquake analysis and used the term ‘Shock Spectrum’ for the first time. The Shock
Response Spectrum (SRS), as it is now known, can be expressed in terms of acceleration or
displacement response depending on the frequency response function used. For fatigue
purposes we are most interested in the displacement response. Fatigue cracks initiate and
grow through the cyclic release of strain energy and therefore the displacement response
provides a proportional relationship with the energy driving fatigue failure. Acceleration
might be the origin of the load but it’s the resulting strain (displacement) that drives the
structural failure. The SRS of displacement can therefore be used to quantify the damaging
effect of the input acceleration for any SDOF system over a range of natural frequencies.
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Figure 10: Calculating the Shock Response Spectrum (SRS)

Biot proposed the SDOF assumption be made for all components under excitation regardless
of the actual frequency response. Over the past years many have contested the conservatism
of this assumption. Lalanne [11] documents a number of these studies which all conclude that
the SDOF response, used in conjunction with a frequency sweep, is a suitably conservative
assumption for all practical cases.
The arrival of digital computers has made it possible to calculate the SRS for long time
signals very rapidly. Using the Z-transform, Irvine [12] derives the equations for a very
efficient Infinite Impulse Response (IIR) filter.
The Extreme Response Spectrum (ERS)
To this point we have derived the Shock Response Spectrum (SRS) from a time signal of
acceleration input. For random vibration data it is usually more efficient to represent the
acceleration loading by means of a PSD. In 1953, Miles [13] presented an equation similar in
nature to the SRS. Using the simple formula expressed in Eqn. 5, he derived a spectrum of the
RMS (Root Mean Square) acceleration response to a random PSD applied to a SDOF system
of natural frequency fn. The displacement spectrum can also be determined using the author’s
modification given in Eqn. 6.
RMS acceleration response, G X RMS ( f n ) =

RMS displacement response, G X RMS ( f n ) =

π
⋅ f n ⋅ Q ⋅ G z ( f n )
2
G X RMS ( f n )

(2π ⋅ f n )2

(5)
(6)

Where Gz ( f n ) is the value of the acceleration input PSD at frequency fn and Q is the
dynamic amplification factor.
Miles’ equation is used to determine the RMS acceleration response for a particular natural
frequency. For a zero mean process, the RMS and standard deviation are the same; therefore

Miles proposed using a Gaussian approximation to the amplitude distribution as an estimate
for the extreme response. If you want to estimate the most likely 99.97% highest amplitude
local acceleration or displacement response, you could effectively multiply the spectrum by a
factor of 3, (i.e. 3 standard deviations).
In 1978, Lalanne [14] proposed a refinement to Miles’ equation. For a narrow banded
response, typical of a SDOF system, the amplitude distribution was found by Bendat [15] to
be Rayleigh and not Gaussian as proposed by Miles. Lalanne therefore rederived the equation
this time substituting the Rayleigh probability function, Eqn. 7. The resulting equation is
known as the Maximax Response Spectrum (MRS) or the Extreme Response Spectrum
(ERS). It represents the most likely extreme amplitude response witnessed by a SDOF system
through exposure to a random PSD excitation of duration T seconds. The response can also be
expressed in terms of relative displacement using the author’s modification, Eqn. 8.
ERS acceleration response, ERS accel ( f n ) = π ⋅ f n ⋅ Q ⋅ Gz ( f n ) ⋅ ln ( f n ⋅ T )

(7)

RMS displacement response, ERS disp ( f n ) =

(8)

ERS accel ( f n )

(2π ⋅ f n )2

The ERS is therefore analogous to the time domain SRS. However, whereas the SRS is
usually used to determine the maximum response to a highly damaging transient shock, the
ERS is used to represent the expected response witnessed over more typical long term
vibratory loading. It is therefore beneficial to maintain the differing terminology even though
both spectra are essentially providing the same information.
The Fatigue Damage Spectrum (FDS)
Lalanne [16] working on the hypothesis of the Extreme Response Spectrum (ERS), proposed
an equivalent Fatigue Damage Spectrum (FDS). Following initial work by Bendat [15] and
Rice [17] to determine the fatigue damage directly from a PSD of stress, Lalanne was able to
utilise this technology to create a closed form calculation for the FDS directly from the
acceleration PSD, this is given in Eqn. 9. An explanation of vibration fatigue theory is beyond
the scope of this paper and for more details you are referred to Halfpenny [18] and Bishop et
al. [19].
b

 Q ⋅ Gz ( f n )  2
⋅
(9)
⋅ Γ(1 + b 2 )
3
 2(2π ⋅ f n ) 
Where K is the Spring stiffness of the SDOF system, Γ() is the Gamma function defined
Kb
Fatigue Damage Spectrum FDS ( f n ) = f n ⋅ T ⋅
C
∞

by Γ( g ) = ∫ x ( g −1) ⋅ e − x dx , and b and C are fatigue parameters describing the Wöhler line
0

such that N = C ⋅ S − b where N is the number of cycles to failure of cyclic stress
amplitude S.
Using an analogous approach to the Shock Response Spectrum (SRS), the author has derived
an approach to calculate the FDS using time series input. For a transient shock, the FDS is
calculated in the same way as the SRS but rather than simply finding the maximum
displacement response, the filtered displacement response is now rainflow cycle counted and
the fatigue damage obtained using a Wöhler calculation.

Mission events
consisting:
• several time
histories with
number of
repeats
• several PSDs
with duration

PSDs

Time Histories

Mission Profiling of Stochastic Events
An accelerated test PSD is required that yields at least the same fatigue damage content as
that seen by a component through its whole life. The total Lifetime fatigue damage is obtained
by summing the Fatigue Damage Spectra (FDS) for all events over the time they are assumed
to act. The FDS calculated from a PSD yields the fatigue damage accumulated per second of
exposure; therefore, the FDS for each PSD event should be scaled by the exposure time in
seconds. The FDS calculated from a time signal estimates the likely damage seen over that
measurement period; therefore the FDS for each time signal event should be scaled by the
number of times the event is likely in the lifetime of the vehicle. The total Lifetime fatigue
damage is then found by summing the scaled FDS for each event as illustrated in Figure 11.
Calculate SRS

SRS

Calculate FDS

FDS

Calculate FDS

FDS

Calculate ERS

ERS

Calculate sum of
all FDS

ΣFDS

Calculate envelope of all
SRS & ERS

Figure 11: Obtaining the Lifetime FDS and SRS

The lifetime SRS and ERS are determined using an envelope of all the measured SRS and
ERS respectively, as illustrated in Figure 11. As most critical shocks are deterministic in
nature they will be captured in the time domain and represented in the SRS. The lifetime SRS
therefore represents the worst local displacement/acceleration likely to be seen by the SDOF
system during the entire life of the vehicle. The ERS is used to represent the expected maxima
arising through ordinary vibratory loading and is therefore much lower in amplitude than the
SRS. These two spectra will be used to help validate the synthesized Test PSD later.
Test Synthesis of Stochastic Events
Any synthesized test signal should ideally include a statistical safety factor that accounts for
variations in applied loading and fatigue strength of the component. Figure 12 illustrates how
the safety factor relates to the probability of in-service failure. Depending on whether a
Gaussian-normal or Log-normal distribution is assumed, the safety factor ‘k’ is found using
Eqn. 10 or Eqn. 11 respectively.

Probability

Safety factor k =

R
E
Damage
resistance from
the population of
components

Applied damage
from loading
environment

σ R = Standard deviation of strength
σ E = Standard deviation of loading
environment damage

Most published data is given in
terms of dimensionless coefficients
of variability defined by:

Damage

E

R

Mean applied
damage

Mean strength
of components

Variability of strength
Variability of loading
environment damage

σR
R
σE
VE =
E
VR =

Probability of inservice failure

Figure 12: Probability of in-service failure

Gaussian-normal probability k =

(

)(
)

1 + 1 − 1 − a'2 ⋅VR2 ⋅ 1 − a'2 ⋅VE2
1 − a'2 ⋅VR2

(

)

(10)


 1 + V 2  
E
Log-normal probability k = expa'⋅ ln 1 + VE2 1 + VR2 − ln 
(11)
2 
 1 + VR  

Where a` is the probability of success (1-probability of failure) expressed as a number of
standard deviations.

[(

)]

)(

A test factor is also used to account for the limited number of durability tests to actually be
undertaken. The total safety factor employed is therefore taken as the product of the Safety
factor obtained above and the test factor determined using either Eqn. 12 or Eqn. 13,
depending on the type of distribution required.
Gaussian-normal probability ktest = 1 +

a'
⋅VR
n

(12)

 a'

Log-normal probability ktest = exp
⋅ ln 1 + VR2 
 n


(

)

(13)

The synthesized test PSD is obtained by inverting Eqn. 9 as shown in Eqn. 14 for required test
duration Teq.
3
2(2π ⋅ f n )  k ⋅ ΣFDS ( f n ) ⋅ C 
Synthesized vibration PSD G synth ( f n ) =
⋅ b

b
Q
 K ⋅ f n ⋅ Teq ⋅ Γ(1 + 2 )

Where ΣFDS ( f n ) is the lifetime FDS and k is the combined safety factor.

2

b

(14)

This equation can lead to a PSD that is unnecessarily complicated and so it is usual practice
for an engineer to produce an idealised representation. One approach involves enveloping the
PSD over a reduced number of frequency steps, thus forming a stepped PSD. The engineer
can verify that the test PSD is adequate by comparing its FDS with the lifetime FDS.
The ERS of the test PSD should be compared with the ERS and SRS measured over the
lifetime of the vehicle. The test ERS should ideally be greater than the lifetime ERS to ensure
that all likely maxima are covered by the test. It should also be less than the lifetime SRS to
minimise the risk of failure through overly severe loading conditions during the test. If the test
ERS exceeds the lifetime SRS then you have probably accelerated the test too much and are
applying loads that are unreasonably high. If the test ERS is below the lifetime SRS then you
are not applying loads beyond those the component was originally designed to survive. You
have effectively scaled the low level vibratory loads so they accumulate damage more rapidly
without exceeding the design threshold established for the critical shock load.
It is unlikely that the test ERS will fit neatly between the lifetime ERS and lifetime SRS at all
points. GAM EG-13 [7] considers the condition acceptable if the mean of the test ERS is
therefore less than the mean of the lifetime SRS and greater than the mean of the lifetime
ERS.
Occasionally we find it impossible to reproduce the Shock response of some severe transient
shock events using a PSD; in these cases we might also have to augment the PSD testing with
some time domain tests to ensure all eventualities are considered.
CONCLUSION

In this paper we have introduced a ‘Route Map’ to guide the Test or CAE engineer to the
most efficient and appropriate durability test. The concepts of ‘Mission Profiling and Test
Synthesis’ are introduced. A mission profile comprises several measured loading events that
are assumed typical of various real-life situations. A test is then synthesised to replicate the
same damage over an accelerated time period. Most of the methods currently used in the
automotive and aerospace industries are reviewed and positioned in the route map based on
their advantages and limitations. A new method for accelerated frequency domain testing is
presented based on the Fatigue Damage Spectrum (FDS) and Shock Response Spectrum
(SRS). The approach has been used by the author for a number of projects with considerable
success, Halfpenny [20].
REFERENCES

1. Halfpenny A. (2002). What is the frequency domain and how do we use a PSD.
nCode International.
2. Newland D.E. (1993). An introduction to random vibrations, spectral & wavelet
analysis (Third edition). Longman Scientific & Technical.
3. Halfpenny A. (2001). Fatigue Concepts. ANSYS Solutions, Vol 3 #1, 2001, 29-31.
Also New Technology 2001, MIRA, 67-69.
4. Yung-Li L., Jwo P, Hathaway R, Barkey M (2005). Fatigue Testing and Analysis,
Theory and Practice. Elsevier, Oxford, UK.
5. Matsuishi M. and Endo T. (1968) Fatigue of metals subjected to varying stress.
Presented to the Japan Society of Mechanical Engineers, Fukuoka, Japan, 1968

6. Rice R.C. (1997). Fatigue Design Handbook. 3rd ed. Society of Automotive
Engineers, Warrendale, PA, USA.
7. GAM EG-13, (1986). Essais généraux en environement des matérials. Ministère de
la Défense, Délégation Générale pour l’Armement. France.
8. NATO AECTP 200 (2003). Validation of Mechanical Environmental Test Methods
and Severities. NATO AECTP 200, Ed. 3, Section 2410. Final Draft Sept 2003.
9. Biot M.A. (1932), Transient oscillations in elastic systems, Thesis No. 259,
Aeronautics Dept., California Institute of Technology, Pasadena
10. Biot M.A. (1933), Theory of elastic systems vibrating under transient impulse, with
an application to earthquake-proof buildings, In: Proceedings of the National
Academy of Science, 19 No2, pp. 262-268
11. Lalanne C. (2002). Mechanical Vibration & Shock, Volume II. Hermes Penton Ltd.
London.
12. Irvine. T. (2002). An Introduction to the Shock Response Function.
www.vibrationdata.com
13. Miles J. W. (1954), On Structural Fatigue Under Random Loading, Journal of the
Aeronautical Sciences, pp. 753
14. Lalanne C. (1978) Les Vibrations aleatoires, Cours ADERA.
15. Bendat J. S. (1964) Probability functions for random responses: prediction of peaks,
fatigue damage and catastrophic failures. NASA report on contract NAS-5-4590,
USA
16. Lalanne C. (2002). Mechanical Vibration & Shock, Volume V. Hermes Penton Ltd.
London.
17. Rice S. O. (1954) Mathematical analysis of random noise. Selected papers on noise
and stochastic processes, Dover, New York, USA
18. Halfpenny, A (1999) A frequency domain approach for fatigue life estimation from
Finite Element Analysis, In: Proceedings of DAMAS 99 conference Dublin.
Available from www.ncode.com
19. Bishop N.W.M. and Sherratt F. (1989). Fatigue life prediction from power spectral
density data. Part 2: Recent Development, Environmental Engineering, Vol. 2, Nos.
1 and 2, pp 5-10.
20. Halfpenny A. (2006). Mission Profiling and Test Synthesis based on fatigue damage
spectrum. Ref. FT342, 9th Int. Fatigue Cong. Atlanta, USA. Elsevier, Oxford, UK.

